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An accurate prediction of displacements and stresses for laminated and sandwich plates is presented using an enhanced
ﬁrst-order plate theory based on the mixed variational theorem (EFSDTM) developed in this paper. In the mixed formu-
lation, transverse shear stresses based on an eﬃcient higher-order plate theory (EHOPT) developed by Cho and Parmerter
[Cho, M., Parmerter, R.R., 1993. Eﬃcient higher-order composite plate theory for general lamination conﬁgurations.
AIAA Journal 31, 1299–1306] are utilized and modiﬁed to satisfy prescribed lateral conditions, and displacements are
assumed to be those of a ﬁrst-order shear deformation theory (FSDT). Relationships between the modiﬁed EHOPT
and the FSDT are systematically derived via both the mixed variational theorem and the least-square approximation of
diﬀerence between in-plane stresses including the transverse normal stress eﬀect. It is shown that the transverse normal
stress eﬀect should be considered in predicting the in-plane stresses when the Poisson eﬀect is dominant. The developed
EFSDTM preserves the computational advantage of the classical FSDT while allowing for important local through-
the-thickness variations of displacements and stresses through the recovery procedure. The accuracy and eﬃciency of
the present theory are assessed by comparing its results with various plate models as well as the three-dimensional exact
solutions for thick laminated and sandwich plates.
 2006 Published by Elsevier Ltd.
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Numerous plate theories have been developed for the analysis of laminated and sandwich composite plates,
because it is nowadays crucial to accurately and eﬃciently predict the behavior of composite plates providing
excellent opportunities for light weight and high stiﬀness structures. It is a challenging problem to understand
the behavior of laminated and sandwich plates with suﬃcient accuracy, especially for composite sandwich
structures due to the strong shearing of a foam core. So far developed plate theories can be categorized into0020-7683/$ - see front matter  2006 Published by Elsevier Ltd.
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* Corresponding author. Fax: +82 2 886 1693/883 1513.
E-mail address: mhcho@snu.ac.kr (M. Cho).
J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 1257three classes, such as smeared theories (Lo et al., 1977; Kant, 1982; Reddy, 1984), zig-zag theories (DiSciuva,
1986; Cho and Parmerter, 1992), and layerwise theories (Reddy, 1987; Carrera, 1998). Comprehensive reviews
and assessments in this ﬁeld can be found in the survey papers by Noor and Burton (1989), Kapania and
Raciti (1989), Reddy and Robbins Jr. (1994), and Carrera (2003). Plate theories based on the classical ﬁrst-
order shear deformation theory (FSDT) among others are brieﬂy reviewed in the following.
The stress analysis in the design stage, various parametric studies should be followed. It is therefore desirable
to develop a simple yet accurate stress predictionwith aminimal number of degrees of freedom.The simplest shear
deformation plate theory is a FSDT for isotropic plates proposed by Reissner (1945) and Mindlin (1951), which
has been extended to laminated composites (Whitney and Pagano, 1970; Sun andWhitney, 1973). In the analysis
of laminated composites, the FSDT is adequate to predict the global behavior. For high accuracy and ﬁdelity
of strength analysis, however, accurate prediction of stresses is required as well. There have been several eﬀorts
to improve the original FSDT, because it is still the most attractive approach due to its simplicity and low com-
putational cost. One of them is to ﬁnd the appropriate shear correction factors (SCFs) for laminated composites
(Whitney, 1972, 1973). Noor and Burton (1990) proposed a predictor–corrector method for laminated and sand-
wich plates. The displacement ﬁelds have been calculated by integrating the equilibrium equation, in which the
SCFs were obtained by an iterative manner in predictor phase, and through-the-thickness distributions were
updated in corrector phase. A post-process method has been developed by Cho and Kim (1996a). An eﬃcient
higher-order plate theory (EHOPT) developed by Cho and Parmerter (1992, 1993) was utilized as a post-proces-
sor. They found the relationship between theFSDTwith SCFs and anEHOPTunder the assumption of the trans-
verse shear energy equivalence. This method has been extended to general lamination conﬁgurations (Cho and
Choi, 2001), various post-processors (Kim and Cho, 1998) and the ﬁnite element method (Cho and Kim,
1996b, 1997). Accuracy of both predictor–corrector and post-process methods strongly depends on the SCFs.
Several FSDT type plate theories have been developed by improving the transverse shear strains. Knight Jr.
and Qi (1997) have developed a reﬁned ﬁrst-order shear deformation theory for laminated plates. They intro-
duced the eﬀective shear stress and strain so that the actual shear stress and strain are expressed in terms of
the averaged shear strain of the original FSDT. An accurate asymptotically correct shear deformation theory
was proposed by Sutyrin (1997). Yu et al. (2002) have, recently, developed a nonlinear ‘‘Reissner-like’’ plate the-
ory based on the variational-asymptotic method. They have developed the computer program based on this,
called variational-asymptotic plate and shell theory (VAPAS), by incorporating the one-dimensional through-
the-thickness ﬁnite element analysis to overcome the analytical complexity of variational-asymptotic procedure
(Yu et al., 2003). Recently, Yu (2005) extended this theory to allow maximum freedom for the asymptotically
correct energy transformation. An enhanced ﬁrst-order shear deformation theory (EFSDT) has been developed
by Kim and Cho (2005), which was based on the deﬁnition of Reissner–Mindlin’s plate theory. It was assumed
that the displacement and in-plain strain ﬁelds of the FSDT can approximate those of three-dimensional theory
in the averaged least-square sense. This theory has also been improved byminimizing the truncated strain energy
(Kim, 2004; Kim and Cho, 2006). Icardi and Zardo (2005) proposed the strain energy updating method by uti-
lizing the procedure to calculate the transverse normal stress in the FSDT developed by Rolfes et al. (1998).
Within this paper, an enhanced ﬁrst-order shear deformation theory based on the mixed formulation
(EFSDTM) is presented. A concept presented by the authors (Kim, 2004; Kim and Cho, 2005, 2006), which
includes the displacement and stress recovery procedure, is extended to the mixed variational theorem (Reiss-
ner, 1950, 1986) to take the advantages of both FSDT and EHOPT. The explicit formulation for calculating
the correction vector to in-plane displacements and strains is provided. With this, it will be shown that
transverse stresses calculated by recovered displacements satisfy the lateral conditions at the top and bottom
surfaces of the plates as well as the quasi three-dimensional equilibrium equations. The transverse normal
stress eﬀect cannot be ignored in predicting the in-plane stresses for some cases. In other words, the three-
dimensional constitutive equations should be used in general. A comparison with the three-dimensional exact
solutions and other available data in literature shows the accuracy and eﬃciency of the present theory.
2. Mixed formulation
A laminated plate of thickness h made of a monoclinic material is considered. Unless it is not diﬀerently
speciﬁed, Greek indices will take values in the set 1, 2, whereas Latin indices will take values in 1, 2, 3. The
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where x3 2  h2 ;þ h2
 
.
The three-dimensional constitutive equation is given byrij ¼ Cijklekl; ekl ¼ 12ðuk;l þ ul;kÞ; ð1Þ
where rij, ekl and ui represent the stress tensor, strain tensor and displacements, respectively. Cijkl denote the
components of elasticity tensor with monoclinic symmetry properties. Subscripts ( ),i denote partial derivatives
with respect to xi coordinates.
The Hellinger–Reissner functional (Reissner, 1950; Tarn and Wang, 1997) for the problem is expressed
asPR ¼
Z þh2
h2
Z
X
rij
1
2
ðui;j þ uj;iÞ  W cðrijÞ  eBiui dXdx3  Z
Sr
eT iui dSr  Z
Su
ðui  ~uiÞT i dSu; ð2Þwhere X represents the reference plane, eBi are the body forces, Sr and Su denote the boundaries with pre-
scribed tractions eT i and prescribed displacements ~ui, respectively, and Wc(rij) is the complementary energy
density function such that eij = oWc/orij,eab ¼ oW c=orab ¼ 12ðua;b þ ub;aÞ; ð3Þ
ea3 ¼ oW c=ora3 ¼ 12Sa3b3rb3  ea3 ¼ 12ca3; ð4Þ
e33 ¼ oW c=or33 ¼ 1C3333 ðr33  C33abeabÞ  e

33; ð5Þin which Sa3b3 ¼ C1a3b3. Henceforth eij represents the strain tensor based on the displacements ui, while ei3 de-
notes the transverse strains derived from Wc.
The strains and in-plane stresses can be expressed in terms of ui and ri3 (Tarn and Wang, 1997), so that the
displacements ui and transverse stresses ri3 are taken to be the functions subject to variations. Substituting
Eqs. (1) and (3)–(5) into Eq. (2) yieldsdPR ¼
Z þh2
h2
Z
X
ðrijdeij þ ca3dra3 þ e33dr33Þ  ðca3dra3 þ e33dr33Þ  eBiduih idXdx3

Z
Sr
ðeT adua þ eT 3du3ÞdSr  Z
Su
ðui  ~uiÞdT i dSu ¼ 0; ð6Þwhere the ﬁrst terms come from rijeij and the underline terms from Wc, which becomesdPR ¼
Z þh2
h2
Z
X
rabdeab þ ra3dca3 þ r33de33 þ ca3  ca3
 
dra3 þ e33  e33
 
dr33  eBiduih idXdx3

Z
Sr
ðeT adua þ eT 3du3ÞdSr  Z
Su
ðui  ~uiÞdT i dSu ¼ 0; ð7Þin which the in-plane stresses rab can be expressed asrab ¼ r2Dab þ Cab33r33; r2Dab ¼ Qabcxecx; ð8Þ
whereQabcx ¼ Cabcx 
Cab33Ccx33
C3333
; Cab33 ¼ Cab33C3333 : ð9ÞThe prescribed boundary can be decomposed into two portions asZ
Sr¼XþCr
ðeT adua þ eT 3du3ÞdSr ¼ Z
Cr
eT madua þ eT m3du3 	dCr þ Z
X
ðsa dua þ qdu3ÞdX; ð10Þwhere X± denotes the top and bottom surfaces of the plate, and ð Þþ ¼ ðÞjx3¼þh2; ð Þ
 ¼ ðÞjx3¼h2.
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e33 ¼ u3;3 ¼ 1C3333 ðr33  C33abeabÞ; ð12Þ
r33;3 ¼ ra3;a  eB3; ð13Þ
ra3;3 ¼  r2Dab þ Cab33r33
 	
;b
 eBa; ð14Þand the boundary conditions areui ¼ ~ui on Su; ð15Þ
½ra3; r33 ¼ ½sa ;q on X; ð16Þ
½rabmb; ra3ma ¼ ½eT ma; eT m3 on Cr; ð17Þwhere ma denotes the direction cosine of the outward normal m to the boundary Cr on xa direction.
In fact, the Euler–Lagrange equations, from Eqs. (11)–(14), provide the post-processing relations that will
be described in later section.
With the assumptions that the edge tractions, which are related to the boundary layer eﬀect (Gregory and
Wan, 1985) or the Saint-Venant’s principle (Tarn and Wang, 1997), are zero ðeT mi ¼ 0Þ, the body forces are zero
ðeBi ¼ 0Þ, and the transverse normal stress r33 is negligible, the ﬁrst variation of Hellinger–Reissner functional
presented in Eq. (2), can be rewritten bydðPRjr33¼0Þ ¼ dP2DR 
Z
X
d bP2DR dX ¼ 0; ð18Þin whichd bP2DR ¼ r2Dab deab þ ra3dca3 þ ðca3  ca3Þdra3D E sþa duþa þ sa dua  qþduþ3 þ qdu3 ; ð19Þ
where hi ¼ Rþh=2h=2 ðÞdx3.
One of the merits using the mixed formulation is that the transverse normal stress calculated via the 3D
equilibrium equation analytically satisﬁes the prescribed tractions at top and bottom surfaces. This will be
shown in later section.
3. Transverse shear stresses based on an eﬃcient higher-order zig-zag theory
In the previous section, two independent ﬁelds are assumed for both displacements ui and transverse shear
stresses ra3. In this section, the transverse shear stresses are derived based on an eﬃcient higher-order zig-zag
theory developed by Cho and Parmerter (1992, 1993), which are expressed in terms of two variables. This
makes it possible to ﬁnd the exact relationships between transverse shear strains from FSDT and EHOPT.
The displacement ﬁelds for the perfectly bonded layers can be determined by the requirements, such that
the transverse shear stresses should satisfy the prescribed shear tractions on the top and bottom surfaces
of the plates and should be continuous through the thickness. These conditions can be satisﬁed by superim-
posing a linear zig-zag displacement, with a diﬀerent slope in each layer, on overall cubic varying ﬁelds.
One can start with the displacement ﬁeld that includes a cubic varying displacement and a linear zig-zag
displacement:uaðxiÞ ¼ u0aðxaÞ þ waðxaÞx3 þ naðxaÞx23 þ /aðxaÞx33 þ
XN1
k¼1
SðkÞa ðxaÞðx3  x3ðkÞÞHðx3  x3ðkÞÞ; ð20Þ
u3ðxiÞ ¼ u03ðxaÞ; ð21Þ
where the superscript, ( )0, represents the variable on the reference plate, N is the number of layers, and
H(x3  x3(k)) is the Heaviside unit step function.
1260 J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276For monoclinic layers, the transverse shear stresses depend only on the transverse shear strains. Thus the
prescribed shear tractions can be written ascþa3 ¼ wa þ u03;a þ nahþ
3h2
4
/a þ
XN1
k¼1
SðkÞa ¼ Sþa3b3sþb ; ð22Þ
ca3 ¼ wa þ u03;a  nahþ
3h2
4
/a ¼ Sa3b3sb ; ð23Þwhich are satisﬁed bywa þ u03;a ¼ 
3h2
4
/a 
1
2
XN1
k¼1
SðkÞa þ
1
2
Sþa3b3s
þ
b  Sa3b3sb
 	
; ð24Þ
na ¼ 
1
2h
XN1
k¼1
SðkÞa þ
1
2h
Sþa3b3s
þ
b þ Sa3b3sb
 	
: ð25ÞThe transverse shear strains are then given byca3 ¼ 3 x23 
h2
4

 
/a þ cþa3
1
2
þ x3
h

 
þ ca3
1
2
 x3
h

 
þ
XN1
k¼1
SðkÞa 
1
2
 x3
h
þ Hðx3  x3ðkÞÞ
 
; ð26Þwhere SðkÞa represents the change in slope at each interface and depends on the transverse shear material prop-
erties. This can be calculated by applying the continuity conditions of transverse shear stresses.rðkÞa3 jx3¼x3ðkÞ ¼ r
ðkþ1Þ
a3 jx3¼x3ðkÞ ðk ¼ 1; 2; . . . ;N  1Þ: ð27ÞFrom the preceding equations, one can obtain 2(N  1) linear algebraic equations of 2(N  1) unknowns SðkÞa .
By solving this, SðkÞa is obtained bySðkÞa ¼ aðkÞab /b þ bðkÞab cþb3 þ cðkÞab cb3; ð28Þ
where the terms aðkÞab , b
ðkÞ
ab , and c
ðkÞ
ab are functions of the material properties only. The derivation of Eq. (28) is
similar to that presented in Cho and Parmerter (1992).
The transverse shear strains are then obtained by substituting Eq. (28) into Eq. (26). These can be expressed
byca3 ¼Aab/b þBabcþb3 þ Cabcb3; ð29Þ
in whichAab ¼ 3 x23 
h2
4

 
dab þ
XN1
k¼1
aðkÞab 
1
2
 x3
h
þ Hðx3  x3ðkÞÞ
 
; ð30Þ
Bab ¼ 1
2
þ x3
h

 
dab þ
XN1
k¼1
bðkÞab 
1
2
 x3
h
þ Hðx3  x3ðkÞÞ
 
; ð31Þ
Cab ¼ 1
2
 x3
h

 
dab þ
XN1
k¼1
cðkÞab 
1
2
 x3
h
þ Hðx3  x3ðkÞÞ
 
; ð32Þwhere dab is the Kronecker delta function.
Thus the transverse shear stresses can be written as follows:ra3 ¼ Ca3b3 Abk/k þBbkcþk3 þ Cbkck3
 
: ð33Þ
It can be shown that the transverse shear stresses derived in Eq. (33) satisfy the lateral boundary conditions,
ra3 ¼ sa , because of thatAbk ¼ Bbk ¼ Cþbk ¼ 0; Bþbk ¼ Cbk ¼ dbk: ð34Þ
J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 12614. Mixed-based enhanced ﬁrst-order plate theory
In this section, an enhanced ﬁrst-order shear deformation theory based on mixed formulation (EFSDTM)
is derived based on the mixed variational approach described in earlier section. The equilibrium equations and
boundary conditions are derived, and followed by the recovering relations to the three-dimensional displace-
ments and stresses.
4.1. Equilibrium equations and boundary conditions
The assumed displacements used in the mixed variational formulation are the same as those of Reissner–
Mindlin’s plate theory (Reissner, 1945; Mindlin, 1951). The assumed displacements areuaðxiÞ ¼ u0aðxaÞ þ haðxaÞx3; u3ðxiÞ ¼ u03ðxaÞ: ð35Þ
Now we have two required ﬁelds, the transverse shear stresses and displacements. Substituting Eqs. (33) and
(35) into Eq. (19) yieldsd bP2DR ¼ N abdu0a;b þMabdha;b þ Qadðha þ u03;aÞ  s0adu0a þ shadha  q0du03 ¼ 0; ð36Þ
wheres0a ¼ sþa þ sa ; sha ¼
h
2
sþa  sa
 
; q0 ¼ qþ þ q; ð37Þ
ca3 ¼ ha þ u03;a; ½N ab;Mab ¼ hr2Dab ½1; x3i; Qa ¼ hra3i; ð38Þand the constraint equation to be zero ishðca3  Sa3b3rb3Þdra3i ¼ 0; ð39Þ
where ca3, which is based on the assumed displacements of Eq. (35), is denoted by ca3 to distinguish it from Eq.
(29).
The transverse shear force Qa presented in Eq. (38) can be expressed asQa ¼ bAa3b3/b þ bBa3b3cþa3 þ bDa3b3cb3; ð40Þ
in which½bAa3b3; bBa3b3; bDa3b3 ¼ hCa3c3½Acb;Bcb;Ccbi: ð41Þ
From Eq. (39), one can ﬁnd that the transverse shear stresses variables (/b) can be expressed in terms of the
displacement variables ðca3Þ as follows:bAk3a3ca3 ¼ eAk3b3/b þ eBk3b3cþb3 þ eDk3b3cb3; ð42Þ
where½eAk3b3; eBk3b3; eDk3b3 ¼ hAkaCa3c3½Acb;Bcb;Ccbi; ð43Þ
which renders/b ¼ eA1b3k3 bAk3a3ca3  eBk3a3cþa3  eDk3a3ca3 	: ð44Þ
Substituting Eq. (44) into Eq. (40) yieldsQa ¼ Aa3b3cb3 þ Ba3b3cþb3 þ Da3b3cb3; ð45Þ
whereAa3b3 ¼ bAa3l3eA1l3k3bAk3b3; ð46Þ
Ba3b3 ¼ bBa3b3  bAa3l3eA1l3k3eBk3b3; ð47Þ
Da3b3 ¼ bDa3b3  bAa3l3eA1l3k3 eDk3b3: ð48Þ
1262 J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276Using Eq. (45), one can rewrite the two-dimensional Hellinger–Reissner functional given in Eq. (36) asd bP2DR ¼ N abdu0a;b þMabdha;b þ Qad ha þ u03;a 	þ Qsad ha þ u03;a 	 s0adu0a þ shadha  q0du03 ¼ 0; ð49Þ
whereQa ¼ Aa3b3cb3; Qsa ¼ Ba3b3cþb3 þ Da3b3cb3: ð50Þ
From Eq. (49), the governing equations for the present mixed-based enhanced ﬁrst-order shear deformation
theory are given bydu0a : N ab;b ¼ s0a; ð51Þ
dha : Mab;b  ðQa þ QsaÞ ¼ sha; ð52Þ
du03 : Q

a;a þ Qsa;a ¼ q0; ð53Þand the associated boundary conditions aredu0a ¼ 0 or N abmb ¼ 0;
dha ¼ 0 or Mabmb ¼ 0;
du03 ¼ 0 or Qa þ Qsa
 
ma ¼ 0:
ð54ÞNote that additional shear forces Qsa are the prescribed quantities. In fact, these act like the external loading as
shown in Eqs. (52) and (53).
4.2. Recovering relations
It is important to accurately predict the through-the-thickness stresses. Higher-order zig-zag theories pre-
sented in the previous section can be used as the post-processor to improve the prediction. This can be
achieved by writing the displacement ﬁelds of the eﬃcient higher-order zig-zag theory in terms of those of
the present theory.
4.2.1. In-plane displacements
From Eqs. (20) and (29), the higher-order zig-zag displacement ﬁelds, which are compatible with Eq. (11),
are given byua ¼ u0a  u03;ax3 þ Uab/b þ Kpabcþb3 þ Kmabcb3; u3 ¼ u03; ð55Þ
whereUab ¼ x33 
3h2
4
x3

 
dab þ
XN1
k¼1
aðkÞab f
ðkÞðx3Þ;
Kpab ¼
x3
2
þ x
2
3
2h

 
dab þ
XN1
k¼1
bðkÞab f
ðkÞðx3Þ;
Kmab ¼
x3
2
 x
2
3
2h

 
dab þ
XN1
k¼1
cðkÞab f
ðkÞðx3Þ;
ð56Þin whichf ðkÞðx3Þ ¼  x3h 
x23
2h
þ ðx3  x3ðkÞÞHðx3  x3ðkÞÞ
 
: ð57ÞThe deﬁnition of the mean displacement through the thickness of the plate (Reissner, 1950) is given byu0i ¼
1
h
huii; ð58Þ
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1
h
hUabi/b þ hKpabicþb3 þ
1
h
hKmabicb3

 
 ca; u03 ¼ u03; ð59Þwhere ca represent arbitrary functions of xa introduced to satisfy the in-plane equilibrium equations, which
accounts for the correction to symmetrical warping functions (Kim, 2004; Yu, 2005).
Using Eqs. (44), (55) and (59), one can recover the higher-order zig-zag displacement ﬁeld asua ¼ u0a  u03;ax3 þ Uabcb3 þ Kpabcþb3 þ Kmab cb3  ca; ð60Þ
whereUab ¼ Uakðx3Þ 
1
h
hUakðx3Þi
 eA1k3c3bAc3b3; ð61Þ
Kpab ¼ Kpabðx3Þ 
1
h
hKpabðx3Þi  Uakðx3ÞeA1k3c3eBc3b3; ð62Þ
Kmab ¼ Kmabðx3Þ 
1
h
hKmabðx3Þi  Uakðx3ÞeA1k3c3 eC c3b3; ð63Þand u0i and ck3 are obtained by solving Eqs. (51)–(53). The explicit form of ca is given in Eq. (A.26) of Appen-
dix A.
4.2.2. Stress recovery
To recover the three-dimensional stresses according to Eqs. (9), (13) and (14), the two-dimensional in-plane
stresses and transverse normal stress should be calculated ﬁrst.
The two-dimensional in-plane stresses are calculated by substituting Eq. (60) into Eq. (9). Then,r2Dab ¼ Qabcxðuc;x þ ux;cÞ=2; ð64Þ
and the transverse normal stress using Eqs. (13) and (33) is obtained byre33 ¼ 
Z x3
h2
rca3;a dx3  q; ð65Þwhere superscripts, ( )e and ( )c, represent the quantities calculated via the equilibrium approach and constitu-
tive one, respectively.
It can be shown that the transverse normal stress of Eq. (65) does satisfy the lateral boundary conditions
ðre33 ¼ qÞ. From Eqs. (37) and (50), the transverse normal stress at top surface can be expressed asreþ33 ¼ qþ ¼ hrca3i;a  q ¼ ðQa;a þ Qsa;aÞ  q; ð66Þ
which becomes one of the governing equations, Eq. (53),qþ þ q ¼ q0 ¼ ðQa;a þ Qsa;aÞ: ð67Þ
With the transverse normal stress and two-dimensional in-plane stresses obtained, the three-dimensional in-
plane stresses are then calculated asrab ¼ r2Dab ð~cÞ þ Cab33re33; ð68Þ
where~c ¼ b c1;1 c2;2 ðc1;2 þ c2;1Þ cT; ð69Þ
which is the correction vector that can be predetermined for any strain ﬁelds by using the least-square approx-
imation of diﬀerence between in-plane stresses (Kim, 2004; Kim and Cho, 2006). This can be expressed bymin
e0
ab
krabð~cÞ  r2Dab k22
* +
¼ 0 ! N abð~cÞ  N ab ¼ 0; ð70Þwhere r2Dab are obtained using the displacements of Eq. (35). The detailed derivation of ~c is given in Appendix A.
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Z x3
h2
rab;b dx3  sa : ð71ÞOne can show that the preceding equations satisfy the lateral boundary conditions ðrea3 ¼ sa Þ. At the top sur-
face, the transverse shear stresses arereþa3 ¼ sþa ¼ hrab;bi  sa ¼ N ab;b  sa ; ð72Þ
and N ab ¼ N ab, thanks to Eq. (70). Thenreþa3 ¼ N ab;b  sa ¼ sþa ! N ab;b ¼ sþa þ sa ¼ s0a; ð73Þ
which is one of the governing equations presented in Eq. (51).
Through the equations presented in above, it is shown that the recovered transverse stresses, rei3, satisfy
traction conditions on the top and bottom surfaces that are rea3 ¼ sa and re33 ¼ q. Thus the recovered
stresses satisfy the following quasi three-dimensional equilibrium equations.rab;b þ rea3;3 ¼ 0; ð74Þ
rca3;a þ re33;3 ¼ 0: ð75ÞIn order to satisfy the three-dimensional equilibrium of stresses, rea3 should be used instead of r
c
a3 in Eq. (75). This
will obviously increase the accuracy of r33 andmakes it mathematically more reasonable. By doing so, however,
the fourth order derivatives are required to calculate the consistent r33, which is not favorable in practice.
Thus displacements and stresses are completely recovered in terms of primary variables ðu0i ; haÞ of
EFSDTM. The ﬂowchart of procedures to obtain the present EFSDTM from H-R functional and to recover
displacements and stresses is presented in Fig. 1.Fig. 1. Flowchart of procedure to obtain EFSDTM and recovery.
J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 12655. Numerical examples and discussion
In order to validate the present theory (EFSDTM), a number of laminated and sandwich plates are ana-
lyzed, and their results are compared to those of the three-dimensional elasticity. The exaction solutions of
simply supported plates in cylindrical bending conditions developed by Pagano (1970) are reproduced and
used as the benchmark solutions.
The ply material properties of all laminated plates areTable
Shear
Source
Presen
Kim a
Whitn
Yu (20
Cho an
Pandy
Carrer
Lo et aEL ¼ 172:4 GPa; ET ¼ 6:9 GPa;
GLT ¼ 3:45 GPa; GTT ¼ 1:38 GPa; mLT ¼ mTT ¼ 0:25;
ð76Þwhere L denotes a ﬁber direction and T denotes a perpendicular direction to the ﬁber.
For sandwich plates, the material properties of face sheets are the same as Eq. (76), and the core material
properties are taken asE1 ¼ 0:1 GPa; G12 ¼ 0:04 GPa; m12 ¼ 0:25;
E2 ¼ E3 ¼ E1; G23 ¼ G13 ¼ G12; m23 ¼ m13 ¼ m12:
ð77ÞFor all of the problems, a simply supported boundary condition is applied, the transverse load is assumed to
have the formq ¼ p0
2
sin
px1
L1

 
ð78Þwith sa ¼ 0, and the displacements for these can be chosen to be of the form:½u0a; ha ¼ ½U a;Ha cos
px1
L1

 
; ð79Þ
u03 ¼ U 3 sin
px1
L1

 
: ð80ÞThe displacements and stresses reported herein are normalized by the following:u^a ¼ 100ET ua=p0hS3; u^3 ¼ 100ET u3=p0hS4; r^ij ¼ rij=p0; ð81Þ
where S represents the length-to-thickness ratio deﬁned by S = L1/h.
The various models compared in the present study are listed in Table 1. A shear correction factor in the
classical FSDT is assumed to be 5/6. In this study, the FSDT, HSDT and EFSDT results are reproduced.
The transverse normal stress ðre33Þ is calculated by integrating the three-dimensional equilibrium equations,
in which transverse shear stresses ðrca3Þ are obtained through the constitutive equations, as shown in Eq.
(65). The transverse shear stresses ðrea3Þ, Eq. (71), are obtained from the equilibrium equations through inte-
grating the in-plane stresses (rab,b).1
deformation plate theories compared
Theory Degrees of freedom
t EFSDTM 5 (C0,5)
nd Cho (2006) EFSDT 5 (C0,5)
ey and Pagano (1970) FSDT 5 (C0,5)
05) VAPAS 5 (C0,5)
d Parmerter (1993) EHOPT 5 (C1,7)
a and Kant (1988) HSDT 9 (C0,9)
a (1999a) M1i,M3i 9 (C0,9), 15 (C0,15)
l. (1977) LCW 11 (C0,11)
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The percentage errors of transverse deﬂections of the plate mid-plane as a function of the length-to-thick-
ness ratio, S, are presented in Figs. 2 and 3 for laminated and sandwich plates. Fig. 2(a) shows an antisym-
metric cross-ply laminated plate case, where the diﬀerences among FSDT, HSDT, EFSDT and EFSDTM are0 10 20 30 40 50
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Fig. 2. Deﬂection errors of laminated and sandwich plates: (a) [0.5/90.5]2 antisymmetric cross-ply plate, (b) [0.05/Core(0.05)/0.05]
sandwich plate.
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Fig. 3. Deﬂection errors of laminated and sandwich plates: (a) [30/30]s symmetric angle-ply plate, (b) [45/Core(0.05)/45] sandwich
plate.
J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 1267small over S > 50 but rapidly grow the length-to-thickness ratio approaches S = 4. A sandwich plate is a very
challenging problem because it experiences a signiﬁcant shear deformation due to the ﬂexible core material.
Deﬂections predicted by the classical FSDT and HSDT are very poor, as shown in Fig. 2(b). Even for the very
thin plate, S = 100, the percentage errors of FSDT and HSDT to the exact solution are 14% and 6%,
respectively. While those of the EFSDT and present theory (EFSDTM) are less than 2% when SP 20. InTable 2
Maximum normalized deﬂection u^3 ðx3 ¼ 0Þ of symmetric and antisymmetric cross-ply plates
[0/90/0] [0/90/0/90]
S = 4 e% S = 6 e% S = 4 e% S = 6 e%
Exact 2.887 – 1.635 – 4.181 – 2.556 –
EFSDTM 3.273 13 1.738 6 3.920 6 2.367 7
EFSDT 3.226 12 1.717 5 4.336 4 2.552 0
FSDT 2.409 17 1.354 17 3.296 21 2.090 18
EHOPT – – – – 4.083 2 2.501 2
M1i 2.904 1 1.634 0 3.300 21 2.095 18
M3i 2.881 0 1.634 0 4.102 2 2.514 2
HSDT 2.706 6 1.520 7 3.623 13 2.251 12
LCW 2.687 7 1.514 7 3.587 14 2.242 12
Table 3
Maximum normalized deﬂection u^3 ðx3 ¼ 0Þ of symmetric and antisymmetric angle-ply plates
[30/30]s [30/30]2
S = 4 e% S = 10 e% S = 4 e% S = 10 e%
Exact 3.290 – 1.285 – 3.291 – 1.385 –
EFSDTM 3.378 2.7 1.295 0.8 3.171 3.6 1.346 2.8
EFSDT 3.465 5.3 1.312 2.1 3.350 1.8 1.375 0.7
FSDT 2.906 11.7 1.192 7.2 2.787 15.3 1.285 7.2
HSDT 3.223 2.0 1.265 1.6 2.941 10.6 1.315 5.1
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Fig. 4. In-plane stresses of a [0.5/90.5]s plate with S = 4: (a) r^11, (b) r^22.
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plotted. Similar deﬂection convergence patterns to Fig. 2 are observed. From Figs. 2(a) and 3(a), one can see
that the present EFSDTM is more accurate than EFSDT for an angle-ply plate, while it is less accurate for a
cross-ply plate.
Maximum normalized deﬂections of thick cross-ply plates are listed and compared to other available results
in Table 2, where the plate is loaded at the top surface and the data are taken from Carrera (1999a). For sym-
metric and antisymmetric angle-ply plates, maximum normalized of deﬂections are listed in Table 3. The pres-
ent theory and EFSDT gives the best compromised results in terms of accuracy, numerical eﬃciency and
degrees of freedom (see Table 1) when both symmetric and antisymmetric laminated plates are considered.
It is seen that EFSDTM yields less accurate results than EFSDT for antisymmetric lay-up cases. The good
performance of EFSDT for such cases is achieved by sacriﬁcing the accuracy of the transverse normal stress.
This will be illustrated in later.
5.2. Transverse normal stress eﬀect to in-plane stresses
Fig. 4 shows the normalized in-plane stresses of a symmetric nearly cross-ply plate, [0.5/90.5/90.5/0.5],
for the very thick case of S = 4. A good agreement between the present EFSDTM and the three-dimensional–0.4 –0.2 0 0.2 0.4
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0
0.5
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a
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Fig. 5. Stresses of a single layered plate, [5], with S = 4: (a) in-plane stress r^22, (b) transverse shear stress r^13.
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J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 1269elasticity is found for the in-plane stress r11. As can be seen from Fig. 4, both the HSDT and EFSDT fail to
give an accurate in-plane stress r22, whereas the VAPAS and EFSDTM* give comparable results to the exact
solution since they utilized the three-dimensional constitutive equations. In other words, the transverse normal
stress is considered in predicting the in-plane stresses. To verify this further, the in-plane stress r22 and trans-
verse normal stress r33 of a single layered plate, [5], are presented in Fig. 5 where the in-plane stress r22 by
EFSDTM* includes the transverse normal stress according to Eq. (68). The in-plane stress can be signiﬁcantly
improved by incorporating the transverse normal stress eﬀect, while its eﬀect to the transverse shear stresses is
not signiﬁcant. To identify the contributions of the 2D in-plane stress and transverse normal stress to the 3D
in-plane stress, the stress ratio variations with the lamination angle h are depicted in Fig. 6. It can be con-
cluded that the transverse normal stress to the in-plane stress is important when the in-plane stress is domi-
nated by the Poisson eﬀect.0 0.5 1 1.5 2
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Fig. 7. Transverse shear stresses of a [0.5/90.5]s plate with S = 4: (a) r^13, (b) r^23.
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Fig. 8. Transverse normal stress r^33 of a [0.5/90.5]s plate with S = 4.
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Figs. 7 and 8 compare normalized transverse stresses of a [0.5/90.0]s symmetric cross-ply plate with S = 4.
The kinky distributions of ra3 (Fig. 7) can be well captured by the EFSDT and present EFSDTM, while other
theories, such as FSDT, HSDT and VAPAS, can not represent such a kinky shape. It is seen that the EFSDT
is better than the EFSDTM in predicting the transverse shear stresses. The EFSDT, however, does not exactly
satisfy the lateral conditions of transverse normal stress, r33 ¼  p02 , as it is shown in Fig. 8. In order to com-
pare the case of practical laminated plate, a symmetric angle-ply plate with [30/30/30/30]5 and S = 4,
an example taken from Yu (2005) is also considered. Transverse shear stresses for this case are reported in
Fig. 9, where the present results are compared to those of FSDT, HSDT, VAPAS and 3D elasticity. The
EFSDTM shows a good agreement with both the EFSDT and HSDT. Furthermore, the EFSDTM results0 0.5 1 1.5 2
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Fig. 9. Transverse shear stresses of a [30/30/30/30]5 plate with S = 4: (a) r^13, (b) r^23.
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cross-ply plate with S = 4 is presented and compared to other models. As mentioned earlier, the deﬂection
predicted by EFSDT is more accurate than the present EFSDTM. Such a good prediction of EFSDT needs
the ﬂexible transverse shear stiﬀness. This, however, leads to the overestimation of the transverse normal
stress, as shown in Fig. 10. This conﬁrms the superiority of the present theory in predicting the transverse nor-
mal stress compared to FSDT, HSDT and EFSDT. In fact, the layerwise model with 44 sub-laminates is
required to precisely predict the transverse normal stress in this case (Icardi, 2001).
In order to demonstrate the accuracy of present theory in predicting the static behavior of sandwich plates
showing a signiﬁcant transverse shear deformation eﬀect, a [0.05/Core(0.05)/0.05] sandwich plate with the
thickness of each face sheet that equals to h/10 is considered ﬁrst. The in-plane displacement and transverse
shear stresses for a thick sandwich plate of S = 10 are shown in Figs. 11 and 12, respectively. The present the-–5 0 5
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Fig. 11. In-plane displacement u^1 of a [0.05/Core(0.05)/0.05] sandwich plate with S = 10.
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for the thick sandwich plate, the results of present theory show an excellent agreement with the exact solutions.
To assess the present theory further for sandwich plates, two thick sandwich plates (S = 10) with angle-ply
face sheets [45/Core(0.05)/45] and unbalanced cross-ply face sheets [0.05/Core(0.05)/90.05] are consid-
ered. The transverse normal stresses for angle-ply and unbalanced cross-ply sandwich plates are shown in Figs.
13 and 14, respectively. In both cases, the present EFSDTM shows far better performance than the FSDT and
HSDT in predicting the transverse normal stress. From the results presented above, it can be seen that the
present EFSDTM shows the best compromised performance in terms of accuracy and eﬃciency. In the case
the present theory fails to predict accurate through-the-thickness variations of transverse stresses, three-
dimensional layerwise models (including transverse normal eﬀect), which are computationally intensive,
should be used, as reported in literature (Carrera, 1999b; Icardi, 2001).–0.8 –0.6 –0.4 –0.2 0 0.2 0.4 0.6 0.8
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Fig. 13. Transverse normal stress r^33 of a [45/Core(0.05)/45] sandwich plate with S = 10.
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Fig. 14. Transverse normal stress r^33 of a [0.05/Core(0.05)/90.05] sandwich plate with S = 10.
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An enhanced ﬁrst-order shear deformation theory based on the mixed variational theorem (EFSDTM) has
been developed. As compared to the previous EFSDT (Kim, 2004; Kim and Cho, 2005, 2006), it has been
improved that the present theory can be able to express nonzero lateral conditions of the transverse shear
stresses at top and bottom surfaces and satisfy the transverse normal stress equilibrium exactly. By obtaining
the transverse shear stresses based on an EFHOPT (Cho and Parmerter, 1992, 1993), the mixed variational
formulation embraces them as the classical FSDT, which renders the present theory (EFSDTM). Relation-
ships between an EHOPT and the classical FSDT were systematically derived via the mixed variational the-
orem and the least-square approximation of diﬀerence between in-plane stresses including the transverse
normal stress eﬀect.
The present theory was used to explore the static behavior of laminated and sandwich plates. Comparisons
of displacements and stresses for laminated and sandwich plates were made with the available data reported in
literature and three-dimensional exact solutions. It was shown that the transverse normal stress eﬀect should
be considered in predicting the in-plane stresses when the Poisson eﬀect is dominant. The accuracy and eﬃ-
ciency of the present EFSDTM were demonstrated via various examples. Although the present theory is as
simple as an equivalent single layer theory (e.g., FSDT), the recovered results, such as in-plane displacements
and transverse stresses, have excellent accuracy as compared to the higher-order shear deformation theories
(HSDT and LCW).
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Appendix A. Derivation of predetermined constants for any strain ﬁelds
The in-plane strains based on the FSDT displacements given in Eq. (35) can be expressed byEe ¼ E0 þ x3K0 þ x3IeKc; ðA:1Þ
whereE0 ¼ u01;1 u02;2 ðu01;2 þ u02;1Þ
 T
; K0 ¼  u03;11 u03;22 2u3;12
 T
; ðA:2Þ
Kc ¼ c31;1 c32;2 c31;2 c32;1b cT; ðA:3ÞandIe ¼
1 0 0 0
0 1 0 0
0 0 1 1
264
375: ðA:4ÞThe stress resultants’ vector using Eq. (A.1) is given byeN ¼ r2DabD E ¼ AE0 þ BK0 þ BIeKc; ðA:5Þ
in whicheN ¼ N 11 N 22 N 12 T; A ¼ heQi; B ¼ hx3 eQi; ðA:6Þ
where eQ is 3 · 3 matrix corresponding to Qabcx given in Eq. (9), and A and B are 3 · 3 matrices that are the
well-known transformed reduced stiﬀness matrices in the classical FSDT (Reddy, 1997).
The in-plane strains based on the recovered displacements given in Eq. (60) are written byEe ¼ E0 þ x3K0 þ eUðx3ÞKc þ eKpðx3ÞKþc þ eKmðx3ÞKc  ~c; ðA:7Þ
1274 J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276whereKc ¼ c31;1 c32;2 c31;2 c32;1
 T
; ~c ¼ c1;1 c2;2 ðc1;2 þ c2;1Þb cT; ðA:8Þ
eUðx3Þ ¼
U11ðx3Þ 0 0 U12ðx3Þ
0 U22ðx3Þ U21ðx3Þ 0
U21ðx3Þ U12ðx3Þ U11ðx3Þ U12ðx3Þ
2664
3775; ðA:9Þ
eKðp;mÞðx3Þ ¼
Kðp;mÞ11 ðx3Þ 0 0 Kðp;mÞ12 ðx3Þ
0 Kðp;mÞ22 ðx3Þ Kðp;mÞ21 ðx3Þ 0
Kðp;mÞ21 ðx3Þ Kðp;mÞ12 ðx3Þ Kðp;mÞ11 ðx3Þ Kðp;mÞ12 ðx3Þ
26664
37775: ðA:10ÞIn order to calculate the three-dimensional in-plane stresses, it is needed to express the transverse normal stress
in the vector form. Furthermore, it should be expressed in terms of the two-dimensional in-plane strains to
obtain arbitrary functions ca for any strain ﬁelds. From Eqs. (33), (44) and (65), the recovered transverse nor-
mal stress can be rewritten byre33 ¼  eUtðx3ÞKc þ eKtpðx3ÞKþc þ eK tmðx3ÞKc 	 q; ðA:11Þ
in whicheUtðx3Þ ¼ Ut11ðx3Þ Ut22ðx3Þ Ut21ðx3Þ Ut12ðx3Þ ; ðA:12ÞeKðtp;tmÞðx3Þ ¼ Kðtp;tmÞ11 ðx3Þ Kðtp;tmÞ22 ðx3Þ Kðtp;tmÞ21 ðx3Þ Kðtp;tmÞ12 ðx3Þ ; ðA:13Þ
whereUtalðx3Þ ¼
Z x3
h2
Ca3b3Abkðx3ÞeA1k3c3bAc3l3 dx3; ðA:14Þ
Ktpalðx3Þ ¼
Z x3
h2
Ca3b3 Bblðx3Þ Abkðx3ÞeA1k3c3eBc3l3n odx3; ðA:15Þ
Ktmalðx3Þ ¼
Z x3
h2
Ca3b3 Cblðx3Þ Abkðx3ÞeA1k3c3 eDc3l3n odx3: ðA:16Þ
From Eqs. (A.7) and (A.11), the stress resultants’ vector is expressed byeN ¼ r2Dab þ Cab33re33D E ¼ AE0 þ BK0 þ ðE  EtÞKc þ ðF p  F tpÞKþc þ ðF m  F tmÞKc  A~c heCetiq;
ðA:17Þ
in whicheN ¼ N 11 N 22 N 12b cT; eCet ¼ C1133 C2233 C1233 T; ðA:18Þ
E ¼ heQ eUi; F ðp;mÞ ¼ heQ eKðp;mÞi; ðA:19Þ
Et ¼ heCet eUti; F ðtp;tmÞ ¼ heCet eKðtp;tmÞi: ðA:20ÞThe diﬀerence between in-plane stress resultants presented in Eqs. (A.5) and (A.17) can be expressed aseN  eN ¼ E  BIe  Etð ÞKc þ F p  F tpð ÞKþc þ ðF m  F tmÞKc  A~c heCetiq ¼ 0: ðA:21Þ
Using Eq. (A.21), the correction vector, ~c, can be obtained by~c ¼ ~cKc þ ~cpKþc þ ~cmKc  ~cqq; ðA:22Þ
J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276 1275where~c ¼ A1 E  BIe  Etð Þ; ðA:23Þ
~cðp;mÞ ¼ A1fF ðp;mÞ  F ðtp;tmÞg; ðA:24Þ
~cq ¼ A1heCeti; ðA:25Þin which ~c and ~cðp;mÞ are constant 3 · 4 matrices, and ~cq is a constant 3 · 1 vector.
At this point, it should noted that the last term presented in correction vector to the two-dimensional in-
plane strains, Eq. (A.22), is not used in predicting the in-plane displacements, ua, since the last term, ~cqq,
reﬂects the transverse normal strain. Therefore, the correction functions to displacements ca are calculated
as follows:caðxaÞ ¼ cabcb3ðxaÞ þ cpabcþb3ðxaÞ þ cmabcb3ðxaÞ; ðA:26Þwhere cab and c
p;m
ab can be obtained from Eqs. (A.23) and (A.24), respectively, by assuming that~cð;p;mÞ ¼
cð;p;mÞ11 0 0 c
ð;p;mÞ
12
0 cð;p;mÞ22 c
ð;p;mÞ
21 0
cð;p;mÞ21 c
ð;p;mÞ
12 c
ð;p;mÞ
11 c
ð;p;mÞ
12
2664
3775: ðA:27ÞIn this study, the underline terms given Eq. (A.27) are selected since they reﬂects the in-plane normal strains.
References
Carrera, E., 1998. Evaluation of layerwise mixed theories for laminated plates analysis. AIAA Journal 36 (5), 830–839.
Carrera, E., 1999a. A study of transverse normal stress eﬀect on vibration of multilayered plates and shells. Journal of Sound and
Vibration 225, 803–829.
Carrera, E., 1999b. Transverse normal stress eﬀects in multilayered plates. Journal of Applied Mechanics 66 (4), 1004–1012.
Carrera, E., 2003. Historical review of zig-zag theories for multilayered plates and shells. Applied Mechanics Review 56, 287–308.
Cho, M., Choi, Y.J., 2001. A new postprocessing method for laminated composites of general lamination conﬁgurations. Composite
Structures 54, 397–406.
Cho, M., Kim, J.H., 1996a. Postprocess method using displacement ﬁeld of higher order laminated composite plate theory. AIAA Journal
34, 362–368.
Cho, M., Kim, J.-S., 1996b. Four-noded ﬁnite element post-process method using a displacement ﬁled of higher order laminated
composite plate theory. Computers and Structures 61, 283–290.
Cho, M., Kim, J.-S., 1997. Improved Mindlin plate stress analysis for laminated composites in ﬁnite element method. AIAA Journal 35,
587–590.
Cho, M., Parmerter, R.R., 1992. An eﬃcient higher order plate theory for laminated composites. Composite Structures 20, 113–123.
Cho, M., Parmerter, R.R., 1993. Eﬃcient higher order composite plate theory for general lamination conﬁgurations. AIAA Journal 31,
1299–1306.
DiSciuva, M., 1986. Vibration and buckling of simply supported thick multilayered orthotropic plates: an evaluation of a new
displacement model. Journal of Sound and Vibration 105, 425–442.
Gregory, R.D., Wan, F.Y.M., 1985. On plate theories and Saint-Venant’s principle. International Journal of Solids and Structures 21 (10),
1005–1024.
Icardi, U., 2001. Higher-order zig-zag model for analysis of thick composite beams with inclusion of transverse normal stress and
sublaminates approximations. Composites: Part B 32, 343–354.
Icardi, U., Zardo, G., 2005. c0 plate element for delamination damage analysis, based on a zig-zag model and strain energy updating.
International Journal of Impact Engineering 31, 579–606.
Kant, T., 1982. Numerical analysis of thick plates. Computer Methods in Applied Mechanics and Engineering 31, 1–18.
Kapania, R.K., Raciti, S., 1989. Recent advances in analysis of laminated beams and plates. AIAA Journal 27, 923–934.
Kim, J.-S., 2004. Reconstruction of ﬁrst-order shear deformation theory for laminated and sandwich shells. AIAA Journal 42, 1685–1697.
Kim, J.-S., Cho, M., 1998. Matching technique of postprocess method using displacement ﬁelds of higher order plate theories. Composite
Structures 43, 71–78.
Kim, J.-S., Cho, M., 2005. Enhanced ﬁrst-order shear deformation theory for laminated and sandwich plates. Journal of Applied
Mechanics 72, 809–817.
Kim, J.-S., Cho, M., 2006. Enhanced modeling of laminated and sandwich plates via strain energy transformation. Composites Science
and Technology 66, 1575–1587.
1276 J.-S. Kim, M. Cho / International Journal of Solids and Structures 44 (2007) 1256–1276Knight Jr., N.F., Qi, Y., 1997. Restatement of ﬁrst-order shear-deformation theory for laminated plates. International Journal of Solids
and Structures 34, 481–492.
Lo, K.H., Christensen, R.M., Wu, F.M., 1977. A higher-order theory of plate deformation. Part 2: Laminated plates. Journal of Applied
Mechanics 44, 669–676.
Mindlin, R.D., 1951. Inﬂuence of rotary inertia and shear on ﬂexural motions of isotropic, elastic plates. Journal of Applied Mechanics 18,
31–38.
Noor, A.K., Burton, W.S., 1989. Assessment of shear deformation theories for multilayered composite plates. Applied Mechanics Reviews
42, 1–13.
Noor, A.K., Burton, W.S., 1990. Stress and free vibration analysis of multilayered composite plates. Composite Structures 14, 233–265.
Pagano, N.J., 1970. Inﬂuence of shear coupling in cylindrical bending of anisotropic laminates. Journal of Composite Materials 4, 330–
343.
Pandya, B.N., Kant, T., 1988. Finite element stress analysis of laminated composite plates using higher order displacement model.
Composites Science and Technology 32, 137–155.
Reddy, J.N., 1984. A simple higher-order theory for laminated composite plates. Journal of Applied Mechanics 51, 745–752.
Reddy, J.N., 1987. A generalization of two-dimensional theories of laminated plates. Communication in Numerical Methods in
Engineering 3, 173–180.
Reddy, J.N., 1997. Mechanics of laminated composite plates, theory, and analysis. CRC Press.
Reddy, J.N., Robbins Jr., D.H., 1994. Theories and computational models for composite laminates. Applied Mechanics Review 47, 147–
169.
Reissner, E., 1945. The eﬀect of transverse shear deformation on the bending of elastic plates. Journal of Applied Mechanics 12, 69–77.
Reissner, E., 1950. On a variational theorem in elasticity. Journal of Mathematics and Physics 29, 90–95.
Reissner, E., 1986. On a mixed variational theorem and on shear deformable plate theory. International Journal of Numerical Methods in
Engineering 23, 193–198.
Rolfes, R., Rohwer, K., Ballerstaedt, M., 1998. Eﬃcient linear transverse normal stress analysis of layered composite plates. Computers
and Structures 68, 643–652.
Sun, C.T., Whitney, J.M., 1973. Shear deformation in heterogeneous anisotropic plates. AIAA Journal 11, 178–183.
Sutyrin, V.G., 1997. Derivation of plate theory accounting asymptotically correct shear deformation. Journal of Applied Mechanics 64,
905–915.
Tarn, J.-Q., Wang, Y.-B., 1997. A reﬁned asymptotic theory and computational model for multilayered composite plates. Computer
Methods in Applied Mechanics and Engineering 145, 167–184.
Whitney, J.M., 1972. Stress analysis of thick laminated composites and sandwich plates. Journal of Composite Materials 6, 426–440.
Whitney, J.M., 1973. Shear correction factors for orthotropic laminates under static load. Journal of Applied Mechanics 40, 302–304.
Whitney, J.M., Pagano, N.J., 1970. Shear deformation in heterogeneous anisotropic plates. Journal of Applied Mechanics 37, 1031–1036.
Yu, W., 2005. Mathematical construction of a Reissner–Mindlin plate theory for composite laminates. International Journal of Solids and
Structures 42, 6680–6699.
Yu, W., Hodges, D.H., Volovoi, V.V., 2002. Asymptotic construction of Reissner-like composite plate theory with accurate strain
recovery. International Journal of Solids and Structures 39, 5185–5203.
Yu, W., Hodges, D.H., Volovoi, V.V., 2003. Asymptotically accurate 3-d recovery from Reissner-like composite plate ﬁnite elements.
Computers and Structures 81, 399–454.
